Abstract. We consider analogs of Jacobson's F -Burnside construction and Boltje's (−) + -construction for biset functors, using Mackey-functor theoretic interpretation of biset functors.
Introduction and Preliminaries
In the previous article [6] , we constructed a 2-category S of finite sets with variable finite group actions. Using 2-coproducts and 2-fibered products in S, we can define the notion of a Mackey functor on the classifying category C of S. In [6] , it has been shown that biset functors can be regarded as special class of these Mackey functors, and characterized among them by the condition which we call 'deflativity'.
It can be expected that, several functorial constructions for ordinary Mackey functors will be also performed analogously on this category C , and provide some constructions which will serve to developments in biset functor theory.
This article is devoted to a demonstration of this machinery, through producing analogs of Jacobson's F -Burnside construction and Boltje's (−) + -construction for biset functors. The following diagram indicates the relations of the categories and functors introduced in this article. Each curved arrow is left adjoint to the functor
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in the opposite direction.
Sadd (C )
Add R (C ) 
In this diagram, Mack
R (S) (resp. SMack (S)) denotes the category of R-linear (resp. semi-)Mackey functors on S, where R is a commutative coefficient ring. The full subcategory of deflative Mackey functors is denoted by Mack R dfl (S). The category of R-linear biset functors is denoted by BisetFtr R . In [6] , the equivalence The other categories and functors in the above diagram are defined in the succeeding sections. We summarize the results in each section here. Throughout, we use the following notation.
-Set denotes the category of sets and maps.
-FinGrp denotes the category of finite groups and group homomorphisms.
-RMod denotes the category of R-modules and R-homomorphisms, for a fixed coefficient ring R. In section 3, we construct a functor which are left adjoint to the forgetful functors SMack (S) → Sadd (C ) and Mack R (S) → Sadd (C ).
In section 5, we consider an analog of Boltje's (−) + -construction ( [1] ) for Mack R (S). From the category Add R (C ) of contravariant functors F : C → RMod sending finite products to coproducts, we construct a functor
which is left adjoint to the forgetful functor Mack R (S) → Add R (C ).
In section 6, we show the equivalence Add R (C ) ≃ −→ Res R (C ). Here, Res R (C ) denotes the category of functors P : FinGrp → RMod satisfying P (σ g ) = id P (G) for any finite group G and g ∈ G, where σ g : G → G is the conjugation map. Composing with the functors constructed in section 3 and 5, we obtain a functor
which is left adjoint to a natural functor r ♯ : BisetFtr R → Res R (C ). In section 7, for the convenience of the users of biset functor theory, we introduce the direct construction of the functor (−) ⊕ . This construction involves essentially left Kan extension.
Throughout this article, any group is assumed to be finite. The unit of a group will be denoted by e. A one-point set is denoted by 1, on which any finite group G acts trivially. A biset is always assumed to be finite. A monoid is always assumed to be unitary and commutative. Similarly a ring is assumed to be commutative, with an additive unit 0 and a multiplicative unit 1. A monoid homomorphism preserves units. We denote the category of monoids by Mon.
For any category K and any pair of objects X and Y in K , the set of morphisms from X to Y in K is denoted by K (X, Y ). Any 2-category is assumed to be strict ( [2] , [5] ). For a 2-category C, the entity of 0-cells (respectively 1-cells, 2-cells) is denoted by C 0 (resp. C 1 , C 2 ). For a pair of 0-cells X, Y in C, the set of 1-cells from X to Y is denoted by C 1 (X, Y ).
Review of the definitions
We review the definitions and results from [6] . Details can be found in [6] .
The 2-category of finite sets with variable group actions is defined as follows.
Definition 2.1. 2-category S is defined as follows.
(0) A 0-cell is a pair of a finite group G and a finite G-set X. We denote this pair by 
for any x ∈ X and g ∈ G.
A 1-cell α θ is often abbreviately written as α. Remark that a 1-cell α :
preserves orbits. Namely, for any x ∈ X we have α(Gx) ⊆ Hα(x).
Horizontal composition is denoted by "•", while "·" denotes vertical composition. For example, for any diagram
Nevertheless, these weak fibered products which come from 2-fibered products are closed under isomorphisms in C , and thus form a natural distinguished class among weak fibered products. (
Proposition 2.13. The following holds for the stab-surjectivity.
(1) If α is an adjoint equivalence, then α is stab-surjective.
(2) Stab-surjectivity is closed under equivalences of 1-cells. Namely, if there exists a 2-cell ε : α ⇒ α ′ and if α is stab-surjective, then so is α ′ . (3) Stab-surjectivity is closed under compositions of 1-cells. Namely, if
K is a sequence of 1-cells and if α and β are stab-surjective, then so is β • α. (4) Stab-surjectivity is closed under 2-pullbacks. Namely, if
is a 2-fibered product in S and if β is stab-surjective, then so is γ. Definition 2.14. Let X G be any 0-cell in S. Then a 2-category S/X G is defined as follows.
is a pair (ϕ, µ) of a 1-cell ϕ and a 2-cell µ in S as in the following diagram.
in S, which makes the following diagram commutative.
is defined to be
Vertical composition of 2-cells
is defined to be ε ′ · ε, using the vertical composition in S. Horizontal composition is also defined by using the horizontal composition in S.
Remark 2.15. For any X G ∈ S 0 , the 2-category S/X G has 2-coproducts and 2-products, induced from 2-coproducts and 2-fibered products in S. If we denote the set of adjoint equivalence classes of 0-cells in S/X G by A( X G ), then it has a structure of commutative semi-ring, with the addition induced from 2-coproducts and the multiplication induced from 2-fibered products. 
compatible with contravariant and covariant parts. Namely, it gives natural transformations
With the usual composition of natural transformations, we obtain the category of semi-Mackey functors denoted by SMack (S).
Remark 2.18. Similarly as in the case of ordinary semi-Mackey functors, the functors M * and M * become functors to Mon, and ϕ becomes a natural transformation between such functors. 
This gives a functor K 0 : SMack (S) → Mack (S), which is left adjoint to the inclusion functor Mack (S) ֒→ SMack (S).
Furthermore, tensoring R gives an additive functor − ⊗ Z R : Ab → RMod . From any semi-Mackey functor M = (M * , M * ), by composing − ⊗ Z R and K 0 , we obtain an R-linear Mackey functor 
is satisfied. An R-linear Mackey functor is called deflative if it is deflative as a semi-Mackey functor. The full subcategory of deflative semi-Mackey functors is denoted by SMack dfl (S) ⊆ SMack (S). Similarly, the full subcategory of deflative R-linear Mackey functors is denoted by Mack
Example 2.22. The correspondence
gives a Mackey functor, which is not deflative. This is called the bigger Burnside functor. Proposition 2.23. For an R-linear (resp. semi-)Mackey functor M on S, the following are equivalent.
(1) M is deflative.
(2) For any surjective group homomorphism f : G → H, the equality
is satisfied for the 1-cell
H . An R-linear biset functor B is defined to be an R-linear functor B : B R → RMod , from the biset category B R to RMod . The biset category which we deal with in this article is the following one.
Definition . An R-linear category B R is defined as follows.
(1) An object in B R is a finite group.
(2) For objects G, H in B R , consider a set of the isomorphism classes of finite H-G-bisets. This forms a commutative monoid with addition ∐ and unit ∅, and thus we can take its additive completion B(G, H). We define
This is the set of morphisms from G to H in B R . An H-G-biset U is written as H U G . The composition of two consecutive bisets H U G and K V H is given by
where the equivalence relation is defined as
This defines the composition of morphisms in B R , by linearity. When R = Z, we denote B Z simply by B. This is a preadditive category.
We denote the category of R-linear biset functors by BisetFtr R . This is naturally equivalent to the category Add (B, RMod ) of additive functors from B to RMod . The following has been shown in [6] .
Theorem 2.24. There is an equivalence of categories
Definition 3.1. For any R-linear Mackey functor M on S and any 0-cell
Denote the quotient module by
and denote the residue homomorphism by
which make the following diagrams commutative. 
since there is a diagram in S as follows.
The existence of M * (α) can be shown in a similar way. Remark that for any diagram
then by the universality there exist a 1-cell s :
K ′ and 2-cells which fit into the following diagrams.
Moreover, the right diagram in (3.2) becomes a 2-fibered product.
Since stab-surjectivity is stable under 2-pullbacks, s becomes stab-surjective when t is so. In this case, for any element 
Proof. From Proposition 3.2, it immediately follows that M is an R-linear Mackey functor on S, and q is a morphism.
We show the deflativity of M . For any stab-surjective 1-cell s :
for any deflative R-linear Mackey functor N on S.
Proof. Once the following claim is shown, the rest will follow from the surjectivity of q
Claim 3.5. Let M, N be as above. Then for any f ∈ Mack R (S)(M, N ) and any
as in (3.1). Then by the deflativity of N , indeed we obtain
Corollary 3.6. The correspondence M → M gives a functor
which is left adjoint to the inclusion Mack
Proof. As in the proof of Proposition 3.4, for any morphism f :
By the uniqueness, it can be easily shown that this correspondence gives a functor (−) :
Adjointness also follows from Proposition 3.4. The latter part is trivial. Definition 4.1. Define category Add R (C ) (resp. Sadd (C )) as follows.
-An object in Add R (C ) (resp. Sadd (C )) is a contravariant functor
which sends coproducts in C to products in RMod (resp. Set). -A morphism is a natural transformation. Definition 4.2. Let E be any object in Sadd (C ). For any
Compositions are induced from those in S/X 
For each pair of elements [ Definition 4.5. Let E be any object in Sadd (C ). For any 1-cell α : 
These correspondences form a contravariant functor
and a covariant functor
Proof. This follows from the universality of 2-coproducts and 2-fibered products in S.
Proposition 4.7. For any E ∈ Ob(Sadd (C )), the pair
becomes a semi-Mackey functor on S.
Proof.
[Additivity]
becomes an isomorphism. In fact,
gives the inverse.
be any 2-fibered product in S. For any 1-cell
also becomes a 2-fibered product, and thus for any [
Proposition 4.8. The correspondence
forms a functor.
, the commutativity of 
Proof. For any M ∈ Ob(SMack (S)) and E ∈ Ob(Sadd (C )), we construct natural maps Θ :
which are inverse to each other.
(1) Construction of Θ. For any ϕ ∈ SMack (S)(A[E], M ) and any
for any ξ ∈ E( X G ). Then for any 1-cell α :
(2) Construction of Φ. For any θ ∈ Sadd (C )(E, M * ) and
To show that this defines a morphism of Mackey functors, it suffices to show the commutativity of the following diagrams, for any 1-cell α :
This can be confirmed as follows. For any [
For any [
Definition 4.10. Define a functor
to be the composition of
When R = Z, we simply write this functor as Ω big [−].
Corollary 4.11. This gives a left adjoint of the forgetful functor
Proof. This follows from Remark 2.20 and Proposition 4.9.
Remark 4.12. For any E ∈ Ob(Sadd (C )) and any
Remark 4.13. For any M ∈ Ob(Mack R (S)) and any E ∈ Ob(Sadd (C )), the natural bijections
are obtained by composing the natural bijection associated to the adjointness of (−)
with those Φ, Θ defined in the proof of Proposition 4.9. We denote them by
Corollary 4.14. By composing functors
we obtain a functor Sadd (C ) → BisetFtr R .
Analog of Boltje's (−) + -construction.
In the last section, we constructed a functor
which is left adjoint to Mack R (S) → Sadd (C ). In this section, when F is in 
Denote the quotient module by F + ( X G ), and the residue homomorphism by
Proposition 5.2. Let F be an object in Add R (C ). For any 1-cell α :
which make the following diagrams commutative.
Remark that F * + (α) and F + * (α) are uniquely determined by this commutativity, since d Proof. We show in a similar way as in the proof of Proposition 3.2.
(1) Existence of F + * (α).
It suffices to show Ω
as in (5.1). Then the element
) and any r 1 , r 2 ∈ R, we have 
Proof. For any morphism τ : F → F ′ in Add R (C ), we can show easily that for each X G ∈ S 0 , there is a unique module homomorphism
which makes the following diagram commutative.
This gives a morphism τ + :
The functoriality of (−) + can be checked easily.
is left adjoint to the forgetful functor taking contravariant parts
Proof. It suffices to construct a natural bijection
for any X G ∈ S 0 . On the other hand, there is a natural inclusion
is an R-module homomorphism for any X G ∈ S 0 . Together with Remark 4.13, we have the following diagram.
To show the Proposition 5.5, it remains to show that the corresponding elements
Namely, it suffices to show the following (1) and (2).
Confirmation of (1).
Suppose ϕ ∈ Mack R (S)(F + , M ) satisfies
Corollary 5.6. By composing functors
we obtain a functor Add
By construction, this sends the trivial functor 0 ∈ Ob(Add R (C )) to the ordinary Burnside functor.
Equivalence of categories Add (C ) ≃ Res(C ).
Let FinGrp denote the category of finite groups and group homomorphisms. Define its 'stabilization' as follows. 
We denote the equivalence class of f in FinGrp by f .
Remark 6.2. Remark that we have a fully faithful functor
In analogy with the case of ordinary restriction functor ([1]) , we denote the category of contravariant functors from FinGrp to RMod simply by
We call an object P ∈ Ob(Res R (C )) a restriction functor.
Remark 6.4. Remark that Res R (C ) is equivalent to the full subcategory of the category Fun(FinGrp, RMod ), consisting of contravariant functors P : FinGrp → RMod which satisfy P (σ g ) = id G for any conjugation homomorphism σ g : G → G associated to g ∈ G.
Proposition 6.5. There is an equivalence of categories
Proof. The proof goes completely in the same manner as in [7] . Define functors
as follows.
(1) R is the functor induced by the composition by φ. Namely, for any
(2) For any restriction functor P ∈ Ob(Res R (C )), the functor
, take a set of representatives x 1 , . . . , x s ∈ X of orbits in X. Then for each 1 ≤ i ≤ s, there is an adjoint equivalence
which yields an adjoint equivalence
(ii) Let 
Define ω ij by
Using this, we define
to be the matrix
It is straightforward to check those R and F in fact form functors. We only show they are mutually quasi-inverse to each other.
For any P ∈ Ob(Res R (C )) and any G ∈ Ob(FinGrp), we have
and this gives an isomorphism
which is natural in P . Conversely, for any F ∈ Ob(Add R (C )) and any X G ∈ Ob(C ) with the set of representatives of orbits x 1 , . . . , x s ∈ X, we have an adjoint equivalence ζ X G as in (i) above, which yields an isomorphism
These form an isomorphism
and it can be confirmed to be natural in F .
Definition 6.6. Let G, H be finite groups. For a homomorphism f : G → H, we denote the bisets H H G = Inddef f , and G H H = Infres f by t(f ) and r(f ), respectively.
Remark that this r defines a contravariant functor r : FinGrp → B, and thus by composition, a functor
Definition 6.8. By composing functors obtained so far, we define a functor (−) ⊕ : Res R (C ) → BisetFtr R to be the composition of
Corollary 6.9. The functor (−) ⊕ : Res R (C ) → BisetFtr R is a left adjoint to
Proof. This follows from Corollary 3.6, Proposition 5.5 and 6.5, since there is a commutative diagram of functors as follows.
Definition 7.1. Let P : FinGrp → RMod be any object in Res R (C ). For each finite group G, define R-modules S P (G), N P (G) and P ⊕ (G) as follows.
(1) Define S P (G) by
where the direct sum runs over all group homomorphisms
is the submodule generated by the following subset of
is the quotient of S P (G) by N P (G):
We denote the equivalence class of (K
Definition 7.2. Let H, K be finite groups.
(1) A span to H from K in FinGrp is defined to be a triplet (q, G, p) of -a finite group G, -homomorphisms p : G → K and q : G → H.
is a triplet of -surjective group homomorphism π : G → G ′ , -elements h ∈ H and k ∈ K, which makes the following diagram commutative.
3. Let P ∈ Ob(Res R (C )) be any object, let H, K be finite groups, and
be a contraction. Then for any κ ∈ P (K), the equality
Proof. By the commutativity of (7.1), This follows from
Definition 7.4. Let G, H, K be finite groups. Let H U G be an H-G-biset, and let f : K → G be a group homomorphism.
(1) For any u ∈ U , define its stabilizing span (q u , G u (K), p u ) of f at u by
. We depict this as follows.
Proof. By HuK = Hu ′ K, there are h 0 ∈ H and k 0 ∈ K satisfying u ′ = h 0 uf (k 0 ). Since the conjugation homomorphism
gives an isomorphism compatible with σ h0 and σ k0 , we have a contraction
Proposition 7.6. Let G, H, K, U, f be as in Definition 7.4. If we take a set of representatives u 1 , . . . , u s ∈ U for D U (f ) = H\U/K, and take stabilizing spans of
then there is an isomorphism of H-K-bisets
Thus with u 1 , . . . , u s , we have a decomposition
Hence it remains to show that for any u ∈ U , there is an isomorphism of H-Kbisets
K is a quotient of H ×K by an equivalence relation, which can be rephrased as follows.
Thus there is an isomorphism of H-K-bisets
Proposition 7.7. Let G, H, K, L be finite groups, let H U G and L V H be bisets, and let f : K → G be a group homomorphism. Then the following holds.
(1) Let u ∈ U and v ∈ V be any pair of elements, and put
Take stabilizing spans
Then there exists a contraction
This can be depicted as follows.
(2) Let u 1 , . . . , u s ∈ U be a set of representatives for D U (f ), and let v i1 , . . . , v iti ∈ V be a set of representative for
(1) We have
and
If we define π :
Thus we have
It remains to show that this union is disjoint. Suppose
holds for some i, j and i ′ , j ′ . Then there exists ℓ ∈ L, k ∈ K and h ∈ H satisfying
Thus
Definition 7.8. Let P be an object in Res R (C ), let H U G be any H-G-biset. For
• Choose a set of representatives u 1 , . . . , u s ∈ U for D U (f ), and take stabilizing span (q ui , G ui (K), p ui ) for each 1 ≤ i ≤ s. Then, define as
Remark 7.9. Let P, U and [K f → G, κ] ∈ P ⊕ (G) be as above.
(1) For each (K f → G, κ) ∈ S P (G), the right hand side of (7.2) does not depend on the choice of the set of representatives u 1 , . . . , u s ∈ U . (2) (7.2) gives a well-defined module homomorphism P ⊕ (U ) :
holds. Namely, we have
Proof. 
for any 1 ≤ i ≤ s by Remark 7.5, and thus we have
by Lemma 7.3. By a similar argument, (2), (3) will follow from the following claim, which can be confirmed easily. 
be any commutative diagram in FinGrp, with π surjective. Then the following holds.
(ii) For any u ∈ U , take stabilizing spans
Then, the group homomorphism
gives a contraction
In fact, by Lemma 7.3 and Claim 7.10, it follows
q ν(u i )g → H, P (p ν(ui)g )P (π)(κ)]
(4) This is trivial, since for any sets of representatives u 1 , . . . , u s ∈ U for D U (f ) and u Remark 7.11. Let P ∈ Ob(Res R (C )) be any restriction functor, let f : G → H be any group homomorphism, and let κ ∈ E(G) and η ∈ E(H) be any element. The following holds. Lemma 7.12. Let P be an object in Res R (C ). Let G, H, K, L be finite groups, let H U G and L V H be bisets, and let K f → G be any homomorphism. Then for any κ ∈ P (K), we have
Proof. Let u 1 , . . . , u s ∈ U be a set of representatives for D U (f ), and let v i1 , . . . , v iti ∈ V be a set of representatives for D V (q ui ). If we put w ij = [v ij , u i ], then by Lemma 7.3 and Proposition 7.7, we have
By Remark 7.9, we can define as follows. Definition 7.13. Let P be any object in Res R (C ) and let G, H be any pair of finite groups. Extending (7.2) by linearity, we obtain a well-defined module homomorphism P ⊕ : B(G, H) → RMod (P ⊕ (G), P ⊕ (H)).
Proposition 7.14. Let P be any object in Res R (C ). With the correspondences defined in Definition 7.1 and Definition 7.13, P ⊕ : B → RMod forms an additive functor. Namely, P ⊕ becomes a biset functor.
Proof. This immediately follows from Remark 7.9, 7.11 and Lemma 7.12.
Lemma 7.15. Let P ∈ Ob(Res R (C )) be any object. For each finite group G, define a homomorphism δ (P )
Then δ (P ) = {δ
G } G∈Ob(FinGrp) gives a morphism δ (P ) : P → r ♯ (P ⊕ )
in Res R (C ).
Proof. For any group homomorphism f : G → H and any κ ∈ P (H), we have P ⊕ (r(f ))δ Proof. We construct maps Ξ : BisetFtr R (P ⊕ , B) → Res R (C )(P, r ♯ B) and Λ : Res R (C )(P, r ♯ B) → BisetFtr R (P ⊕ , B), and show that they are inverse to each other.
(1) Construction of Ξ. For any morphism λ ∈ BisetFtr R (P ⊕ , B), define Ξ(λ) : P → r ♯ B by Ξ(λ) = r ♯ (λ) • δ.
(2) Construction of Λ. Let ξ ∈ Res R (C )(P, r ♯ B) be any morphism. For any finite group G, define a homomorphism Λ(ξ) G : P ⊕ (G) → B(G) by For any λ and G, and for any [K f → G, κ] ∈ P ⊕ (G), we have
by Remark 7.11.
